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E,?(|¥>) requires the addition of some further terms (see I). The calculation of the very
same extra terms makes it possible to find a better lower bound. It is easy to derive that
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which is the desired final result. It is plainly obvious that if [¥") has the form prescribed
by any of the corollaries of I, B,;2(|¥")) itself becomes the better lower bound, for, under
these prescribed restrictions, the terms under the summation sign in relation (8) all vanish
identically.

It is interesting to note that for 7 = 0 we revert to the ground state and in the con-
figuration space the two lower bounds of relation (8) both become identical with the
lower bound derived by Robinson (1969) for the ground state and the configuration
space using an entirely different approach and formalism. Our result is completely
general and is valid for the ground state as well as the excited states and for any complete
inner-product space.
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Internal energy and gravitation

Abstract. A previous theory of the interaction of an ideal fluid with the gravitational
field, as given by Rastall in 1968, is modified. It is now assumed that the natural
internal energy per unit mass of the fluid is a function of the natural pressure and
density.

In a recent paper (Rastall 1968, to be referred to as II) the interaction of an ideal fluid
and a gravitational field was discussed. It was assumed in II, § 6, that Ug(x), the proper
internal energy per unit proper mass of the fluid at the point with coordinates ¥, is a function
of the proper pressure p(x) and the proper mass per unit proper volume p(x), but is indepen-
dent of the gravitational potential ®. (The suffix E in Uy indicates that this quantity is
measured in natural units, while the absence of a suffix on p and p means that they are
measured in @, units, i.e. the units corresponding to one of the preferred charts of the
theory.) We now think that this is not the most natural assumption. We still suppose
that Uy is independent of ®. This follows from the fundamental hypothesis that physical
quantities measured in natural units are the same in the potential @ as in the potential
@+ k for any constant &, and from the more special assumptiont that Ug(x) depends on @

+ We exclude the possibility that Uz depends on the derivatives of @, which it may in strong
gravitational fields.
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only through its value ®(x). However, we now assume that Ug(x) depends on the natural
quantities pg(x) and pg(x). It follows that equation (6.10) of II must be replaced by
dUg = Ty dSg~pg dog, where vy = 1/pg. We assume that the proper entropy per unit
proper mass is dimensionless, and it follows that & = &y (see II, equation(2. 3)), and that

dU = TdS —p dv +cx2(4U +6pc) dD. (6.10)

(The modified form of equation (%) of II will be referred to as (n').)
The replacement of (6.10) by (6.10") entails the following changes in the equations of IT:
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The other numbered equations of II are unchanged. (Note a misprint in (6.18): the last
term should be —4pp~1.)
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